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Pre-knowledge: 1.Given the function:

its Fourier transform is defined as:
o0 . I3
F(w’) — / efzwtefzw tdt

R . . Y
Combining the exponential terms of e™™* and e, we have:

F(w’) :/ efi(erw/)tdt

oo

This integral is mainly contributed around w’ = —w. This is a characteristic of the Dirac

0 function. Therefore, we can write:
F(W') =276(W + w)

Where §(w’) is the Dirac ¢ function.

F(W') =276 + w)

Alternative answer
F(W') =276(w — ')

Both of these answers are formal and informal forms of the Fourier transform, so you can

choose the one suitable for your context.

2. The integration involving the Dirac delta function §(z — ') is a standard operation.
When integrating a function f(z) multiplied by a Dirac delta function over all space, the
result is simply the value of the function evaluated at the location where the delta function is
non-zero. Specifically, for (z — z’), the delta function is non-zero only at = = 2.

Thus, the integration is given by:
| @it - aydo = pia)
Given the equation:
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Applying the Fourier transform, we have the equation in the frequency domain:
(—w”? 4+ W) R(W) + iy R(w') = 327TE05((,U, + w)
m

where §(w’) is the Dirac delta function.
Now, the solution for R(w’) is:

%QWEO

, —_
R(w) = —W? + W + iy’

oW = (-w))

Inverse Fourier transforming gives the solution in time domain:

]. 0 - .
il / R(w/)ezw t dw' — EEoefzwt
2 J_ m

1
2 2 _
wy — w? —iyw

r(t) =

It just like the delta function "filters" out the —w
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Physics motivation: point particle model is the most useful model in physics. For point
particle model, the density (such as charge density) is infinite at the point. The density
integration over some space is a given number. To properly describe the point particle, Dirac
proposed the famous Delta distribution, which is very useful in physics.

Bl 6.16 —2fi B gy 14 85 B 401
0(z) = lim o ()
0 2<0,z>c¢ (6.103)

Oc =
@) % 0<r<e

XAREA T LA R R, B B —Fh Al s ) R4l

Dirac Delta function:

ﬂw—mﬁ:{(L T # %o (6.104)
o0, T =T
and
b B )1z € (a,b)
/a d(x —xp)de = { 0, z0¢ (a,b) (6.105)&

The basic property of Delta function is
| r@ate - soyds = fa) (6.106)

Proof:

JECLEEEO /:Mf(x)&w—fvo)dx N () /:ﬁnfs(f—%)dx:f(%)

0—"n 0o—"n
(6.107)
FHAE et B R Delta Ft, delta FHAagtd ot THL F 4
o(k) = / §(z)e ™ dy = 1 (6.108)
T[>~
i(z) = — e dk (6.109)
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(6.110)

(6.111)

PRI — A>3 BeeR B AL AR e 7 YA RIR AT TR T AR

ﬂm & 6.17 ATTER, FATRH delta sEATTT RITRZ D . GXRERATERST 128 U IR Bk,

WHN—) .
/ e P (6.112)
o T
it H AN S —ATEH A B
F(A) = / Sm:xdx (6.113)
M TE N RKF
dF(A) [ xcosdx ,  [% L [Pt
. /oo . dr = /oo cos \rdx = /oo de = 271d(N) (6.114)
M ih KT AR A
FQA) = 27r/ 6(A)dA+C (6.115)
MR delta & 388 bk T
2 C, A>0
Fy=¢ T 0 (6.116)
C, A <0
FIA F(X) & X 893 B306E — G Ry A —m. &6 RAN11FE]
F()) =/ SINAT { ™ A0 (6.117)
—o X —m, A<O0
delta ) ié’]—ﬂ- &N ”
dH (z
= 11
0(z) = —¢, (6.118)
Hod 3K B4
0 0
H(z) = { e (6.119)
1,z >0
[ )
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] BAIERA -
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H(z) =
{O, z <0
TR
do oo, x=0.
HFHA

/Z(dg;))d = H(co) — H(—00) = 1.

FeAT &I S5 i R AL T 0- PR EER, A

H'(z) = 6(x)
o0 = i (*2)
o [ | o
iml O

PAEBTHY delta pRECAYIE R 5 28— 2 Z BI#d iy delta pREHY E L

5(1’—1’0):{07 x?é@"o

00, T =Xy

and
b
/ 0(x —xo)dx = { 1, @€ (a,b)
a 7 Lo §é (CL, b)
Delta & X 2 A eA i 4 o
/ f(2)0(z — zo)dx = f(xo)
A7 B IE A

/_Z f(@)d(x — zp)da = /xim F(2)8(x — z0)d = f(o)

To—n
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delta pRELII AL AL
5(k) = / h S(z)e *dr = 1 (6.129)
1 OO ikx
5(x) = %/ etk (6.130)
N ZE 7 A
) = [ e i
Lo (6.131)
) = g [ Fa0et=ae
XY N 4G delta B4 .
§(7) = oL / ekr N (6.132)
Py ORI /2 =4k o K%K
0%(x) = 6(x)d(y)o(2)
HEH MR
d(z) =0(—x) (6.133)
d(r —a;)
o = 6.134
) = 3 (0.13
S AR S5 mT DA 218 B 1
d(ax) = 0 () (6.135)
lal
Sa?—a2) = LBz Holeta) (6.136)
2|al
1 e +ikx 1 - ikx —ikzx
5(3:):%/ e dk = o— (e** + e dk
e s 0 (6.137)
i(z) = —/ cos kx dk
T Jo
Description Function Transform
Delta function in z  §(x) 1
Delta function in k£ 1 276 (k)
Exponential in x el afﬁ (a>0)
Exponential in k ] 2me~ Ul (a > 0)
Gaussian e /2 V2re K /2
Derivative in x f(x) ikF (k)

Convolution f(x)* g(x) F(k)G(k)
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(i) & o(x) MPE

(ii) fIERA
d2
dfj = 20(x)
¥ern: || = xH(x) — xH(—x))
(iii) JiEHH
Pr) = -V

(iv) FMHX—Z AR, SKE— TR BB GRS . (7 SGHXHE
& PN T3 75 AR AE 55 3 A ALURIRE B Teadb i) RS mT LA fe S A S 95 1 0 e e sh 7 )

(=07 + VHA(t, ) = f(t,7)

o [ NERIBGERGI EIR. SRFXATiARRE LIGO KI5 A (IR MEie
Bhi o

= P2 S
(1) FIH delta 7MY EEPEFOTE S (30 0 REFRT)
/gljgl5cn4-y-1qudy (6.138)
(ii) FIH delta 737 Bg EZMRTEF S (8 0 REFRE)
>

Y(x)d(sinz)dz

—0o0

(iil) JERAATR AR delta 434 E L

() = Jim <Sh;?t) (6.139)

lim \/;_6 exp {— (@ _ﬁaq = §(z — a) (6.140)
lim 52 T =0 a) (6.141)
L P sin’ (:'3 ; a) = §(z — a) (6.142)
éiir(l)%exp (—’x;a’) = §(z — a) (6.143)
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